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1. Introduction

Surface plasmon polaritons (SPPs), eigen electromagnetic 
(EM) modes bounded at certain dielectric/metal interfaces 
coupled with collective oscillations of free electrons in metals 
[1, 2], have attracted considerable interests recently. Due to 
their two promising characteristics, i.e. strong field enhance-
ment and deep subwavelength lateral confinement, SPPs have 
found many applications in practice, such as subwavelength 

imaging [3, 4], plasmonic laser [5–7], surfaced-enhanced 
Raman effect [8, 9], plasmonic cavity [10–12], and signal 
transport/process via plasmonic waveguides [13, 14] or cir-
cuits [15–18]. Studies on SPPs have boosted the development 
of on-chip photonics, providing an excellent platform linking 
microscale photonics and nanoscale electronics [19,20].

In realizing these applications, it is highly desired to under-
stand the propagation behaviors of SPPs at the interfaces 
between two different plasmonic systems. As an SPP wave 
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Abstract
Although surface plasmon polaritons (SPPs) have been intensively studied in past years, the 
transmission/reflection properties of SPPs at an interface between two plasmonic media are 
still not fully understood. In this article, we employ a mode expansion method (MEM) to 
systematically study such a problem based on a model system jointing two superlattices, each 
consisting of a periodic stacking of dielectric and plasmonic slabs with different material 
properties. Such a generic model can represent two widely used plasmonic structures (i.e. 
interfaces between two single dielectric/metal systems or between two metal–insulator–metal 
waveguides) under certain conditions. Our MEM calculations, in excellent agreement 
with full-wave simulations, uncover the rich physics behind the SPP reflections at generic 
plasmonic interfaces. In particular, we successfully derive from the MEM several analytical 
formulas that can quantitatively describe the SPP reflections at different plasmonic interfaces, 
and show that our formulas exhibit wider applicable regions than previously proposed 
empirical ones.
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meets an interface between two plasmonic media, transmis-
sion, reflection of SPP as well as scatterings to the far field can 
happen simultaneously [13, 14, 16–27]. Such processes gener-
ally exist in different plasmonic interfaces, such as interfaces 
between two dielectric/metal systems [21–23], plasmonic 
waveguide junctions [13, 24], and bridges linking plasmonic 
and photonic waveguides [25, 26]. However, so far theoretical 
studies on such problems were mostly based on full-wave 
simulations [21, 22, 24, 26], which are certainly rigorous, 
but unfortunately cannot provide insights to help understand 
the inherent physics. Available theoretical approaches were 
developed for specific systems and thus exhibit certain limita-
tions [28–30]. For example, the theory developed for metal–
insulator–metal (MIM) waveguide junctions focused on the 
systems exhibiting purely dielectric responses (non-magnetic 
medium) [28–30]. While the empirical formula developed for 
calculating the reflectance of SPP at the interfaces between 
two open dielectric/metal systems looks very intuitive, it can 
only work for metals exhibiting very large negative permit-
tivity [31].

In this article, we employ the mode-expansion method 
(MEM) [32–35] to systematically study the transmis-
sion, reflection, and scattering of SPPs at generic interfaces 
between two different plasmonic systems. To make our anal-
yses as general as possible, we purposely consider a model 
system jointing two different superlattices, each containing a 
periodic stacking of dielectric/plasmonic slabs with arbitrary 
material parameters (and thus exhibiting different SPP prop-
erties). Such a model can represent an MIM plasmonic junc-
tion or an open interface between two dielectric/metal systems 
under different limiting conditions. In particular, we success-
fully derive several analytical formulas from the complete 
MEM to calculate the reflections and transmissions of SPPs 
in different scenarios, which are justified by full wave simu-
lations. Our formulas are shown to exhibit wider applicable 
ranges than those empirical ones proposed previously, and can 
guide researchers design plasmonic junctions with desirable 
performances.

Our paper is organized in the following way. We first 
develop the MEM formalisms in section 2 for general systems 
and perform benchmark calculations to justify the theory in 
section 3. We then employ the MEM to study subwavelength 
MIM plasmonic junctions (section 4) and open SPP interfaces 
(section 5) where different analytical formulas for calculating 
the SPP reflections are derived and discussed in comparisons 
with previous formulas. We finally conclude our paper in 
section 6.

2. MEM formalisms for a generic model

Figure 1 shows the schematic of the model system studied in 
this paper, which is composed by two dielectric/metal super-
lattices jointed at the interface of x  =  0. The system is invariant 
along the y direction and the periodicity along the z direction 
is P. The permittivities of metal and dielectric layers in two 

superlattices are denoted by ε(I)
m , ε(I)

d  and ε(II)
m , ε(II)

d , while the 
thicknesses of two layers are denoted by dm and dd = P − dm, 

respectively. It is thus clear that our model is rather generic, 
since it can represent a subwavelength MIM junction in the 
limit of dd � λ0, dm → ∞ [28] and an interface between 
two open dielectric/metal plasmonic environments [31] in the 
limit of dd, dm → ∞.

2.1. Three different types of eigenmodes

We first discuss the eigenmodes inside these two superlattices, 
assuming for the moment that these superlattices are infinite 
along the x direction. Due to the periodicity along the z direc-
tion, these eigenmodes are Bloch modes characterized by 
Bloch vectors Km,z = Kz + 2πm/P (m = 0,±1,±2, · · ·) with 
Kz ∈ [−π/P,π/P] inside the first Brillouin zone. Meanwhile, 
the translational invariance along the x direction indicates that 
kx should be conserved in different layers. In this paper, we 
focus on the case of normal incidence of SPPs with respect 
to the interface, and therefore, we only study those eigen-
modes with ky ≡ 0. Fixing Kz and assuming a common k(i)

x  
in all layers of the ith system (i  =  I: left; i  =  II: right), we can 
employ the standard transfer-matrix-method calculations [36] 
to derive the following equation [37]

2 cos(k(i)
d dd) cos(k(i)

m dm)− (
Z(i)

d

Z(i)
m

+
Z(i)

m

Z(i)
d

) sin(k(i)
d dd) sin(k(i)

m dm)

= 2 cos(KzP)
 

(1)

to determine the eigen frequencies and wave-functions of 
all transverse-magnetic (TM) polarized Bloch modes inside 
two systems. Here k0 = ω/c = 2πf/c is the free-space wave-
vector with c being the speed of light and f  being the fre-

quency, k(i)
l =

√
ε
(i)
l · (k0)

2 − (k(i)
x )

2
 and Z(i)

l = k(i)
l /ωε

(i)
l ε0 

are, respectively, the z-component of the wavevector and 
the impedance of wave in the lth material (l  =  d: dielectric 
or l  =  m: metal) of the ith system. Transverse-electric (TE) 
polarized eigen Bloch modes can be studied similarly, which 
are not considered here since the SPP mode exhibits TM 
polarization.

We now study the eigenmodes of one typical system by 
numerically solving equation (1). We neglect the subscript (i) 
for simplicity. With Kz and kx fixed, we can get many solutions 
of eigen-frequency to satisfy equation  (1), and the relations 
between ω  and (Kz, kx) are known as the dispersion relations 
which now exhibit multi-band characteristics. Symmetry 
ensures that all eigenmodes can be categorized into two dis-
tinct sets, with Hy(z) distributions exhibiting odd or even 
symmetries with respect to the middle plane of the metal film. 
In MEM, we only need to consider a particular set of eigen-
modes exhibiting the same symmetry as that of the incident 
mode, since overlapping between two modes with different 
symmetries is strictly zero. Here, we only study those modes 
with odd symmetries. To understand the nature of these eigen-
modes and in consistency with our later analysis, we plot in 
figure  2 the computed ω ∼ kx relations of a typical system 
(with material and geometric parameters shown in the caption 
of figure 1) setting Kz ≡ 0. In the problem studied here, we 
assume that the SPP wave normally strikes at the interface, 
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and thus we only need to consider those Bloch modes with 
Kz ≡ 0. At a fixed ω , there are many solutions of kx, which can 
be real or purely imaginary numbers. Figure 2(a) depicts the 
dispersions of eigenmodes calculated when kx are real num-
bers, while figure 2(b) depicts the dispersions of those modes 
assuming that kx are purely imaginary.

We now examine the properties of these modes. For the 
convenience of later analyses, we label these modes based 
on their (kx)

2 values: the mode with a smaller (kx)
2 is labeled 

with a larger index. We study the first three modes at the fre-
quency ω = 0.4ωp (see the dashed line in figures  2(a) and 
(b)). Obviously, the first mode (labeled as the n = 0  mode) is 
an SPP-like mode since its z-component wavevector is purely 
imaginary for EM waves inside the dielectric medium, while 
the next mode (labeled as the n = 1 mode) is a scattering 
mode. Figures 2(c) and (d) depict, respectively, the Hy field 
patterns of these two modes, which unambiguously reveal 
their SPP-like (figure 2(c)) and scattering (figure 2(d)) char-
acteristics. The n = 2  mode at this frequency has a purely 
imaginary kx, which is called an ‘evanescent mode’. Such 
modes are typically dropped out when we study the eigen-
modes of an infinitely large system, but here we must keep 
them in our analysis since what we studied later contains 
an interface between two different media. From figure 2(e) 
where the field pattern of the n = 2  mode is depicted, we 
find that the EM field in such a mode is localized at a given 
surface/interface and decays exponentially as leaving such 
surface/interface.

We note that the properties of these eigenmodes strongly 
depend on the material/geometric parameters of the studied 
system. For example, as dd gets smaller, coupling between the 
SPP modes bounded at two adjacent metallic slabs can signifi-
cantly alter the dispersion relations of such modes. Thus, the 
SPP-like modes resemble the SPP modes of a single metallic 
slab more as we increase dd. On the other hand, those scat-
tering modes can be approximately regarded as the waveguide 
modes inside the dielectric spacer bounded by two metallic 
reflectors, and such a picture becomes more accurate as dm 
and/or |εm| increases (i.e. the coupling between different unit 
cells is almost terminated). Thus, for a particular system 
with definite material/geometrical parameters, only a certain 
branch of scattering modes can exist at frequencies above 
their cut-off values (see figure  2(a)). Obviously, the cut-off 
frequencies of these modes are decreasing functions of dd, and 
more scattering modes can be released as we increase dd, at a 
fixed frequency.

Finally, we emphasize that these eigenmodes form a com-
plete and orthonormal set of wave-functions that can be used 
to express the total fields inside the plasmonic superlattice. 
Solving equation  (1), we can obtain the wave-functions of 
these eigenmodes, which can be written as e±ikn,x·xHn,y(z) with 
± denoting the propagating direction. In such AB superlattice 
system, we find that these modes satisfy the following ortho-
normal condition (see [38] for proof):

ˆ

u.c

1
ε(z)

Hn,y(z)
∗ · Hm,y(z)dz = δn,m, (2)

where the integration is performed within a unit cell and ε(z) 
is the permittivity distribution. We note that there is metric 
term ε−1(z) in the definition of inner product. A different 
metric term should be adopted if we consider the orthonormal 
relations of TE-polarized modes, which we do not consider in 
this paper.

2.2. The MEM formalism

With eigenmode properties in different regions fully under-
stood, we then develop the MEM for the jointing plasmonic 
system, as depicted in figure  1. Suppose an SPP-like mode 
(with a particular symmetry) is lunched at x → −∞ and then 
propagates in region I along the x direction and finally strikes 
at the interface at x = 0 between two regions. Since the eigen-
modes defined in last subsection forms a complete basis for 
EM fields, we can expand the total EM fields as the linear 
combinations of allowed eigenmodes in different regions. 
Specifically, we find that the H field (only consisting of y 
component) can be written as




H(I)
total,y(x, z) = H(I)

0,y (z)e
ik(I)

0,x ·x −
∑

n
rnH(I)

n,y (z)e−ik(I)
n,x ·x

H(II)
total,y(x, z) =

∑
n

tnH(II)
n,y (z)eik(II)

n,x ·x
 (3)

where we have denoted the incident wave is the n = 0 mode 
in region I with unit amplitude, rn and tn define the expansion 
coefficients of the nth eigenmode in different regions. Here we 
purposely add a negative sign to rn, in consistency with usual 

Figure 1. Schematic of the system studied in this paper. 
Assuming that an SPP beam is incident from left side, we study its 

transmission (T0), reflection (R0) and scatterings (Ri and Ti (i �= 0)) 
to the far field. Here, ε(i)

d  and ε(i)
m  are the material parameters of 

dielectric and metal in region i (i  =  I or II), dd and dm are the 
thicknesses of dielectric layers and metal layers, respectively.
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definition of rn, which is defined in term of E field. E fields 

in different regions can be derived from equation (3) based on 

Maxwell’s equations. Using Ez(x, z) = − 1
iωε0ε(z)

∂
∂x Hy(x, z), 

we find that

E(I)
total,z(x, z) = − 1

ωε0ε(I)(z)

[
k(I)

0,xH(I)
0,y (z)e

ik(I)
0,x ·x +

∑
n

rnk(I)
n,xH(I)

n,y (z)e−ik(I)
n,x ·x

]

E(II)
total,z(x, z) = − 1

ωε0ε(II)(z)

∑
n

tnk(II)
n,x H(II)

n,y (z)eik(II)
n,x ·x.

 

(4)

Noting that the index n runs over all possible modes in 
different regions, we find that our theory can naturally 
describe not only the reflection and transmission of SPP 
wave, but also the scatterings to propagating modes, as 
well as the near-field effect (i.e. evanescent modes). All 
these physical processes depend on the coefficients of the 
corre sponding modes. Based on the field continuity condi-
tions at the interface between two plasmonic superlattices, 

H(I)
total,y(0, z) = H(II)

total,y(0, z); E(I)
total,z(0, z) = E(II)

total,z(0, z), we get




H(I)
0,y (z)−

∑
n

rnH(I)
n,y (z) =

∑
n′

tn′H
(II)
n′,y(z)

1
ε(I)(z)

[
k(I)

0,xH(I)
0,y (z) +

∑
n

rnk(I)
n,xH(I)

n,y (z)
]
= 1

ε(II)(z)

∑
n′

tn′k
(II)
n′,xH(II)

n′,y(z)
.

 (5)
We can utilize the orthonormal conditions of wave-functions {

H(I)
n,y (z))

}
 and 

{
H(II)

n′,y(z)
}

 to derive the following equa-

tions (see appendix A for derivation)



Sm′,0 −
∑

n
Sm′,n · rn = tm′

δ0,m + rm =
∑
n′

k(II)
n′ ,x

k(I)
m,x

S∗
n′,m · tn′

 (6)

to determine the expansion coefficients, where

Si,j =

ˆ

u.c

1
ε(II)(z)

H(II)∗
i,y (z) · H(I)

j,y (z)dz (7)

denotes the field overlapping between the ith eigenmode 
in region II and the jth eigenmode in region I. Solving 

equation  (6) numerically, we can then obtain all expansion 
coefficients {rn, tn}. Of particular interest is the SPP reflec-
tion coefficient r0, for which we can obtain the following ana-
lytical form (see appendix B for derivation),

r0 =
Zef f − 1
Zef f + 1

 (8)

where Zef f  is defined as

Zef f =
∑
m′,n′

k(II)
m′,x

k(I)
0,x

S∗
m′,0 (I + A)−1

m′,n′ Sn′,0 (9)

with elements of matrix A given by

Am′,n′ =
∑
m�=0

k(II)
n′,x

k(I)
m,x

Sm′,mS∗
n′,m. (10)

Equations (8)–(10) are the key equations of present paper. We 
note that the reflection of SPP at an interface is precisely deter-
mined by a Fresnel-like formula equation (8). Obviously, Zef f  
characterizes the (effective) impedance mismatch between 
two plasmonic media, which can be numerically calculated 
after one chooses an appropriately cut-off integer (M) to trun-
cate the summations of modes in two regions. Equation  (9) 
indicates that Zef f  has included contributions from all dif-
ferent processes of mode couplings. For example, while 
k(II)

m′ ,x

k(I)
0,x

S∗
m′,0 and Sn′,0 describe how the SPP mode (denoted as the 

0th mode) couples into a mode in region II and its inverse pro-

cess, the matrix (I + A)
−1
m′,n′ describes the coupling between 

the n′th and m′th modes due to multiples scatterings. We can 
also derive t0 and other coefficients rn, tn(n � 1) through 
numerical calculations.

To understand the physical meanings of those expan-
sion coefficients {rn, tn}, we now examine the energy 
flows transmitted through or reflected by the interface. 
The time-averaged transmitted energy flow is defined by 

Figure 2. Dispersion (ω ∼ kx) relations of (a) SPP-like and scattering eigenmodes and (b) evanescent eigenmodes inside a typical 
plasmonic superlattice assuming that Kz = 0. FEM simulated Hy field patterns of the first three eigenmodes at ω = 0.4ωp, with mode index 
(c) n = 0, (d) n = 1, and (e) n = 2. Here, the thicknesses of the dielectric and metal layers in the superlattice are, respectively, 1.1λ0 and 
0.4λ0, with λ0 being the working wavelength.

J. Phys.: Condens. Matter 30 (2018) 114002
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〈Sx
t 〉 = 1

2P Re
(´

u.c. E(II)∗
total,z · H(II)

total,ydz
)
. Put equations  (3) 

and (4) into the above expression and utilize the ortho-
normal conditions between eigenmodes, we get that 

〈Sx
t 〉 = 1

2Pωε0

∑
n Re

(
k(II)

n,x |tn|2
)
. It is thus clear that only those 

SPP and scattering modes, which possess real k(II)
n,x  values, can 

carry energy flows leaving the interface, while those eva-
nescent modes do not. Similar conclusion can be drawn for 
the reflected energy flow. Thus, if we define T = 〈Sx

t 〉 / 〈Sx
in〉 

and R = 〈Sx
r 〉 / 〈Sx

in〉 to represent the total transmittance and 
reflectance with subscripts ‘in’ and ‘r’ denoting the incident 
SPP wave and the reflected wave, we get that T =

∑
n Tn and 

R =
∑

n Rn, where

Tn =
k(II)

n,x

k(I)
0,x

|tn|2, Rn =
k(I)

n,x

k(I)
0,x

|rn|2 (11)

denote the contributions from the n-th mode which must be 
either an SPP or a scattering mode. In what follows, we first 
present benchmark calculations to justify the exact formulas 
derived here, and then derive several useful approximate 
form ulas for different applications.

3. Benchmark tests on our theory

We choose a typical system to perform benchmark tests. The 
system is essentially the same as that shown in figure 1, only 
with two dielectric media both set as air. Two plasmonic metals 

are described by two Drude models with plasmon frequen-

cies ω(I)
p  and ω(II)

p , respectively. To see how our theory works 
in different scenarios, we fix ω(I)

p  but purposely change ω(II)
p  

continuously. The working frequency is fixed as ω0 = ω
(I)
p /2 

throughout our calculations. The periodicity of the superlattice 
is set as P = 1.6λ0 (with λ0 being the working wavelength) 
to ensure that only one scattering mode (the n = 1 mode) is 
alive while all others (with n � 2) are evanescent modes at the 
working frequency. In our calculations, we choose two large-
enough cut-off numbers M(I), M(II) to counter for the modes 
in two regions and ensure that obtained numerical results are 
convergent.

Lines in figures  3(a) and (b) depict how the reflectance/
transmittance of all alive modes (i.e. R0, R1, T0, T1), calcu-
lated by our theory, vary against ω(II)

p . Numerical simulations 
based on the finite element method (FEM) are performed 
on the same set of systems, and the obtained results are 
shown in  figures 3(a) and (b) as solid circles. Perfect agree-
ment between our theory and the FEM results has undoubt-
edly validated the developed theory. Moreover, we note that 
our theory automatically yielded energy-conserved result: 
R0 + R1 + T0 + T1 = 1 (see figure 3(b)).

To understand the results shown in figures  3(a) and (b) 
more deeply, we calculate the eigen wavevectors of two  
alive modes (i.e. the SPP and the first scattering mode) in 

region II and depict them in figure 3(c) as functions of ω(II)
p . 

Inside the shaded area in figure 3(c), no SPP mode exists in 

Figure 3. (a) SPP transmittance (T0) and reflectance (R0), and (b) scatterings to two alive channels (R1 and T1), calculated by our full 

MEM theory and FEM simulations for a series of systems with varying ω(II)
p . The other parameters of these systems are ε(I)

d = ε
(II)
d = 1, 

ω
(I)
p = 2ω0, dd = 1.2λ0, dm = 0.4λ0. (c) Calculated eigen wavevector for the SPP mode (solid line) and the first scattering mode (dot line) 

in region II as functions of ω(II)
p , with the black dash line labeling the position of ω(I)

p . (d) FEM simulated Hy field pattern within a unit cell 

of the system with ω(II)
p = 4ω0 when an SPP is launched at the left boundary. Arrows denote different processes.
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region II, which explains why the transmittance of SPP is  
zero in such cases (see figure  3(a)). Outside this SPP-
forbidden regime, significantly amount of SPP power can be 
transmitted through the interface (T0 �= 0), and T0 becomes 

exactly 100% in the case of ω(II)
p = ω

(I)
p  (marked as the 

dashed line) where two materials are identical. We employ 
FEM simulations to study the field distributions inside a 

particular system with (ω(II)
p = 4ω0). The pattern shown in 

figure 3(d) clearly illustrates different processes described by 
our theory.

We now perform benchmark tests on another series of 
systems to further validate our theory and illustrate new 

physics. Keeping the parameters ω(I)
p = 2ω0, ω(II)

p = 4ω0, 

dm = 0.06λ0, ε
(I)
d = ε

(II)
d = 1 fixed, we employ our theory to 

calculate the SPP reflectance R0 of a series of systems with 
enlarging periodicity P (or equivalently, enlarging dd). Again, 
our results are in perfect agreement with FEM simulations 
(see figure 4(a)). We note that R0 exhibits a series of charac-
teristic oscillations as P is enlarged continuously. To reveal 
the physics underlying these oscillations, we calculated the 
two critical values of P (denoted as P(i)

c  with i = 1, 2) above 
which the first scattering mode appears in their corresponding 
region, and then label their positions in figure 4(a). Obviously, 
such oscillations are closely related to the appearances of 
new scatterings modes to the far-field in different regions, 
which is quite similar to the Wood anomaly discovered pre-
viously [39]. We choose three representative examples (see 
arrows in figure 4(a)) to study the resulting field distributions 
with FEM calculations. In the case of P < P(1)

c , no scattering 
modes are alive in both regions, and there are only reflection 
and transmission of the SPP mode, as shown in figure (b). As 
P(1)

c < P < P(2)
c , one scattering mode becomes alive in region 

I, adding more reflection channels leading to an increased 
R0 (see figure  4(c)). When P is further increased such that 
P > P(2)

c , the first scattering mode becomes alive in region II, 
opening up a new transmission channel leading to a decreased 
R0 (see figure 4(d)).

4. Applications to subwavelength MIM plasmonic 
junctions

With our theory fully justified in the last section, we now 
apply it to examine the SPP transmission/reflection proper-
ties of a widely used plasmonic system—a junction between 
two MIM waveguides. We find that the model depicted in 
figure 1 naturally becomes an MIM plasmonic junction in the 
limit of dm → ∞. Further considering the case of dd � λ0 
which means that the only alive modes (with kx be real values) 
are the SPP-like modes in two regions and all higher order 
modes are evanescent modes, we can adopt the single mode 
approx imation (SMA) to simplify the reflection coefficient. 
Specifically, the reflection coefficient of SPP can still be 
written as the Fresnel-like form:

r0 =
ZSMA − 1
ZSMA + 1 (12)

only with the impedance approximated by

ZSMA =
k(II)

0,x

k(I)
0,x

|S0,0|2 (13)

which only accounts for the contribution from the funda-
mental SPP mode.

We now apply the derived formulas, including the full 
MEM (equations (8)–(10)) and the SMA ones (equations (12) 
and (13)), to study the SPP transmission/reflection properties 
of several MIM waveguide systems as shown in figure 5(a). 
To make our analyses as general as possible, we purposely 
selected three different examples. In the first example (inset 
to figure 5(b)), the dielectric layers in two regions are set as 
air while the plasmonic metals are different. Specifically, we 

set ω(I)
p  as 2ω0 with ω0 as the working frequency but change 

ω
(II)
p  continuously. In the remaining two cases, the plasmonic 

metals are identical in two regions while the spacer layers are 
assumed as different non-magnetic dielectric media (inset to 
figure 5(c)) or magnetic media (inset to figure 5(d)). Again, we 
fix the materials properties in region I and vary the material 

Figure 4. (a) MEM calculated R0 for a series of plasmonic superlattices with varying P, with two dashed lines labeling the cut off values 
of P in two different regions above which the first scattering mode becomes alive. The other material/geometrical parameters of the studied 

systems are fixed as ω(I)
p = 2ω0,ω(II)

p = 4ω0, dm = 0.06λ0. (b)–(d) FEM computed Hy field patterns of three representative systems with 
values of P denoted in (a).
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properties in region II to study the transmission/reflection 
behaviors of SPP at the resulting interfaces in different cases.

Figures 5(b)–(d) compare the spectra of SPP reflectance R0 

as function of either ω(II)
p  or ε(II)

d  in region II for three different 
systems, calculated by the full MEM, the SMA formulas, and 
the FEM simulations. In all three cases studied, we find that 
results calculated with our SMA formulas are in excellent 
agreement with both the full MEM and FEM results, which 
unambiguously justified the derived SMA formulas (equa-
tions (12) and (13)).

We note that an intuitive empirical formula to estimate the 
reflectance of SPP in such junctions is

R0 =

∣∣∣∣∣
1 − k(I)

SPP/k(II)
SPP

1 + k(I)
SPP/k(II)

SPP

∣∣∣∣∣
2

 (14)

where the impedance mismatch between two plasmonic 
media are approximated by the ratio between their effective 
mode indexes. Such a formula has been used in literature [28, 
40], as an easy way to estimate the SPP reflections without 
complicated calculations. To check the validity of this empir-
ical form ula, we employ it to study the three sets of  systems 
and show the results in figures  5(b)–(d) as open circles. 
Comparisons show that such an empirical formula works well 
for non-magnetic systems in most cases, unless the impedance 

contrast is too large (i.e. ε(II)
d > 4 in figure 5(c)). However, 

things are completely different for the magnetic cases 
where the empirical formula does not work anymore (figure 
5(d)). The physics is that the empirical formula completely 

overlooks the contributions from the wave-function mismatch 
(see equations (13) and (14)), which can be very significant in 
general cases where the spacer layers exhibit both electric and 
magnetic responses.

5. Applications to open plasmonic interfaces

We now apply our theory to study another widely investigated 
plasmonic interface, which consists of two open dielectric/
plasmonic systems jointing at the x  =  0 plane (see figure 6(a)). 
Obviously, in the limit of dd, dm → ∞, our model system 
(figure 1(a)) naturally becomes such a case, and therefore, 
we can adopt the full MEM to examine it under that limit. 
Compared to the subwavelength MIM waveguide systems, 
here the most remarkable difference is that we must consider 
the scattering modes. In practical applications of the MEM, 

we can only set dd and dm as very large numbers. As 
∣∣∣ε(i)

m

∣∣∣ of 

two plasmonic metals are large enough, a moderate dm value, 
as long as it is larger than the decay length of the evanescent 
wave inside the plasmonic metal, is enough to represent the 
case of a single dielectric/metal interface (instead of a metal 
slab). However, the convergence against dd is highly non-
trivial. As we enlarge dd (or enlarge P equivalently speaking), 
more and more scattering modes become alive which can con-
tribute to the fluctuation of the SPP reflectance, as we already 
discussed in figure 4 of section 3. Figure 6(b) depicts how the 
SPP reflectance, calculated based the full MEM, converges to 
the limiting value of an open plasmonic interface calculated by 

Figure 5. (a) Schematics of the subwavelength MIM plasmonic junction under study. SPP reflectance R0 for a series of MIM junctions 

(b) with ε(I)
d = ε

(II)
d = 1 and ω(I)

p = 2ω0 fixed but with ω(II)
p  varied, (c) a series of MIM junctions with ε(I)

d = 1 and ε(I)
m = ε

(II)
m = −18 fixed 

but with ε(II)
d  varied, and (d) a series of MIM junctions with the same properties as (c) only with now µ(II)

d = 4, calculated by different 

approaches. Here, the materials are assumed non-magnetic if not specified, ω0 is the working frequency, and dd = 0.08λ0, dm = 0.9λ0 with 
λ0 being the working wavelength.
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the FEM simulation (the dotted line), as we gradually enlarge 
P  (with dm fixed). In the example studied in figure 6(b), two 
plasmonic metals are the same but the dielectric media are 
different. In general, our theory can be applied to study more 
complex cases in which both plasmonic and dielectric media 
can be different.

Although the full MEM is rigorous, it is still too compli-
cated which cannot reveal the inherent physics. In what fol-
lows, we develop an analytical formula to calculate the SPP 
reflectance in the limit of P → ∞, under certain reasonable 
approximations. Supposing the scatterings at the interface 
are weak, we can then expand the rigorous expression of 
Zef f  (equation (9)) to account for only the single-scattering 
contributions of all scattering modes, and finally reach at the 
following analytical formula to estimate the impedance mis-
match between two plasmonic environments (see appendix C 
for detailed derivation):

�
Z ef f =

|S0,0|2 · k(II)
0,x /k(I)

0,x

1 +
∑M

m�=0 |S0,m|2 · k(II)
0,x /k(I)

m,x

+

M∑
m′=1

|Sm′,0|2 · k(II)
m′,x/k(I)

0,x

1 +
∑M

m�=0 |Sm′,m|2 · k(II)
m′,x/k(I)

m,x
.

 

(15)

Obviously, we find that the newly derived effective impedance 
has not only considered the SPP contribution, but also con-
sidered the contributions from all high-order modes including 
both the scattering modes and the evanescent modes. The 
only approximation in deriving equation (15) is that we have 
neglected the multiple-scattering effects of the scattering 
modes in two regions. Such an approximation is reasonable 
in the weak-scattering case because the multiple scattering 
contrib utions are small.

We now examine the validity of our formulas through stud-
ying a series of systems with the left-side dielectric medium 

set as air (ε(I)
d = 1) but with the permittivities of the right-side 

dielectric medium (ε(II)
d ) and two metals (ε(I)

m = ε
(II)
m = εm) 

varying continuously. In each case studied, we used both 
the full MEM equation (9) and our simplified formula equa-
tion  (15) to calculate the impedance mismatch and thus 

obtain the SPP reflection coefficients. Figure  7(a) depicts 
how the SPP reflectance, calculated by the full MEM, varies 

against ε(II)
d  and εm . No SPP exists in region II inside the 

phase space labeled as the ‘SPP forbidden’ regime (figure 
7(a)), so that we do not calculate the SPP reflectance in 
that regime. Meanwhile, we note that the SPP reflectance 

becomes exactly zero as ε(II)
d = 1, but increases significantly 

as ε(II)
d  is enlarged.

To quantitatively measure the accuracy of the developed 
formulas, we then define a quantity, ∆R = |R0,FEM − R0,Theory|, 
where R0,FEM and R0,Theory are, respectively, the SPP reflec-
tance calculated with FEM simulations and with both the full 
MEM and the simplified formula equation  (15). Obviously, 
the quantity ∆R precisely measures how accurate the devel-
oped formulas are. Figures 7(b) and (c) depict the computed 
∆R in the phase diagram for the cases that the theory is the full 
MEM (figure 7(b)) and the simplified version (figure 7(c)). It 
is not surprising to see that ∆R are essentially zero in the full-
MEM case, since the full MEM essentially takes everything 
into consideration. Meanwhile, the simplified formula works 
well in a quite broad region except in the lower-left region of 
the phase diagram, where the SPP mode in region II is highly 
localized (exhibiting larger k(II)

x ) leading to stronger scatter-
ings at the interface. As the result, the simplified form ula 
equation (15) becomes less accurate due to the enhanced mul-
tiple scattering effects.

We finally compare our formulas with the empirical form ula 
developed previously [31]. In studying the SPP reflectance at 
such systems, the authors of [31] have proposed the following 
empirical formula,

R0,E =

∣∣∣∣
ni − nj

ni + nj

∣∣∣∣
2

 (16)

where ni =

√
ε
(i)
d ε

(i)
m /(ε

(i)
d + ε

(i)
m )  describes the SPP mode 

index in the ith system. Utilizing this formula we can calculate 
the SPP reflectance for the systems studied in figure 6(a), and 
then compute the resulting errors ∆R against the FEM results. 
Figure 7(d) depicts how ∆R calculated based on equation (16) 

Figure 6. (a) Schematic of the studied model which consists of two jointing semi-infinite dielectric/metal systems. (b) The MEM 
calculated SPP reflection R0 of the superlattice model as shown in figure 1 versus P. As P is large enough, R0 converges to the value 

for semi-infinite system computed by FEM simulations. Here, the material parameters are ε(I)
d = 1, ε(II)

d = 5, ε(I)
m = ε

(II)
m = −18, and λ0 

denotes the working wavelength.
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varies in the phase diagram. We find that the empirical 

form ula works better in the region with larger 
∣∣∣εm/ε

(II)
d

∣∣∣ where 

the SPP fields are largely distributed in the dielectric region. 
Comparing figures 7(d) and (c), one may easily conclude that 
the valid region of our simplified formula is much wider than 
the previously developed empirical formula. This is again not 
surprising, since the impedance estimated with our approxi-
mate formula equation (15) has obviously taken more terms 
into consideration than the empirical one equation  (16). 
Specifically, the empirical formula has only partially consid-
ered the SPP contribution, as compared with the first term in 
our formula equation  (15). In fact, we can further simplify 
equation (15) to separate the contributions of different modes 
to the effective impedance, under certain approximations (see 
appendix C). While the resulting form has clearer physical 
meaning than equation (15) in which contributions from dif-
ferent modes are mixed, the formula is also less accurate, 
especially in the strong-scattering phase region (see figure C1 
in appendix C).

6. Conclusions

In summary, we have established a theoretical framework to 
study the reflection, transmission, and scattering properties of 
SPPs at the interfaces between two plasmonic systems with 
different properties. After justifying our rigorous approach 
through comparing with full-wave simulations, we then 

apply it to study two widely used systems, a meta–insulator–
metal plasmonic junction and an open interface between two 
di electric/plasmonic systems. We successfully derived several 
analytical formulas that can quantitatively account for the SPP 
reflection behaviors in different scenarios, which are shown 
to exhibit wider application ranges than previously developed 
empirical ones. Our results can not only shed light on the 
inherent physics behind the complicated SPP-related behaviors 
in such systems, but can also provide a powerful tool to help 
design useful plasmonic devices for photonic applications.
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Appendix A. Derivation of equation (6)

Multiplying the first equation  in equation  (5) by a term 
1

ε(II)(z)H(II)∗
m′,y  and multiplying the complex-conjugate form of 

the second equation in equation (15) by another term H(I)
m,y, we 

then perform integrations on both sides of two resulting equa-
tions over z within a unit cell and finally arrive at

Figure 7. (a) SPP reflectance R0 versus ε(II)
d  and εm , calculated by the full MEM. The calculated SPP reflectance error ∆R versus ε(II)

d  and 

εm  for the cases that the theory is the (b) full MEM, (c) our simplified formula equation (15), and (d) the empirical formula equation (16). 

Here, we set ε(I)
d = 1, ε(I)

m = ε
(II)
m = εm, and the ‘SPP forbidden’ region is the region where no SPP mode exists in region II.
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´
u.c

1
ε(II)(z)H(II)∗

m′,y (z) · H(I)
0,y (z)dz −

∑
n

rn
´

u.c
1

ε(II)(z)H(II)∗
m′,y (z) · H(I)

n,y (z)dz

=
∑
n′

tn′
´

u.c
1

ε(II)(z)H(II)∗
m′,y (z) · H(II)

n′,y(z)dz

´
u.c

k(I)∗
0,x

ε(I)(z)H(I)∗
0,y (z) · H(I)

m,y(z)dz +
∑

n
r∗n
´

u.c
k(I)∗

n,x

ε(I)(z)H(I)∗
n,y (z) · H(I)

m,y(z)dz

=
∑
n′

t∗n′
´

u.c

k(II)∗
n′ ,x

ε(II)(z)H(II)∗
n′,y (z) · H(I)

m,y(z)dz

.

 
(A.1)

Utilizing the orthonormal condition equation (2) and defining

Si,j =

ˆ

u.c

1
ε(II)(z)

H(II)∗
i,y (z) · H(I)

j,y (z)dz, (A.2)

we can simplify equation (A.1) as:



Sm′,0 −
∑

n
Sm′,n · rn = tm′

δ0,m + rm =
∑
n′

k(II)
n′ ,x

k(I)
m,x

S∗
n′,m · tn′ ,

 (A.3)

which is precisely equation (6) in main text.

Appendix B. Derivations of equations (8)–(10)

To obtain the analytical formula of r0, we rewrite equation (6) 
in a new form:




(1 − r0)Sm′,0 −
∑
n�=0

Sm′,n · rn = tm′

δ0,m + rm =
∑
n′

k(II)
n′ ,x

k(I)
m,x

S∗
n′,m · tn′

. (B.1)

Substituting the second equation into the first one, we obtain

(1 − r0)Sm′,0 −
∑

n′

∑
n�=0

k(II)
n′,x

k(I)
n,x

Sm′,nS∗
n′,n · tn′ = tm′ (B.2)

Defining a matrix A with elements given by 

Am′,n′ =
∑

n �=0
k(II)

n′ ,x

k(I)
n,x

Sm′,nS∗
n′,n, we rewrite equation (B.2) as

(1 − r0) |S0〉 = (I + A) |t〉 , (B.3)

where |S0〉 =




S0,0

...

S∞,0


 , |t〉 =




t0
...

t∞


 are two vectors and I 

is the identity matrix. Similarly, the second equation of equa-
tion (B.1) can be represented as

1 + r0 = 〈S′
0|t〉 (B.4)

where 〈S′
0| =

(
k(II)

0,x

k(I)
0,x

S∗
0,0 · · · k(II)

∞,x

k(I)
0,x

S∗
∞,0

)
 is another vector. 

Rewriting equation (B.4) as (1 − r0)(I + A)
−1 |S0〉 = |t〉 and 

then multiplying 〈S′
0| to its both sides, we get

(1 − r0) 〈S′
0| (I + A)

−1 |S0〉 = 〈S′
0|t〉 . (B.5)

According to equations (B.4) and (B.5), we finally obtain the 
solution of r0,

r0 =
Zef f − 1
Zef f + 1

, (B.6)

with Zef f = 〈S′
0| (I + A)

−1 |S0〉. The above results are pre-
cisely the same as equations (8)–(10) in the main text.

Appendix C. Derivation of equation (15)

We can derive a simplified form of Zef f  from equation  (9) 
based on the weak-scattering assumption. Considering the 
case that the two plasmonic environments are similar and thus 
the interfacial scatterings are weak, we find that the off-diag-
onal terms are much smaller than the diagonal terms for the 
overlapping matrix S. Therefore, according to the definition 

Am′,n′ =
∑

n �=0
k(II)

n′ ,x

k(I)
n,x

Sm′,nS∗
n′,n, we immediately understand that 

the off-diagonal terms Am′,n′ (with m′ �= n′) are much smaller 
than the diagonal terms Am′,m′ in matrix A, indicating that 
the matrix (I + A) is nearly diagonalized. Therefore, we can 
neglect the off-diagonal terms in matrix (I + A) and get its 
inverse form analytically. Specifically, the non-zero elements 
of (I + A)

−1 are found as

(I + A)−1
m′,m′ ≈




(
1 +

M∑
m�=0

k(II)
0,x

k(I)
m,x
|S0,m|2

)−1

, m′ = 0

(
2 +

M∑
m�=0,m′

k(II)
m′ ,x

k(I)
m,x

|Sm′,m|2
)−1

, m′ �= 0

 (C.1)

where we have assumed that 
k(II)

m,x

k(I)
m,x
|Sm,m|2 ≈ 1 in deriving the 

second equation of equation (C.1), and assumed a very large 
integer M as the cut-off value for the mode number. We note 
that the contributions of off-diagonal elements of matrix S are 
included when they appear in the diagonal terms of matrix 
(I + A), but are dropped when they appear at the off-diagonal 
terms of matrix (I + A), because the latter are much smaller 
than the former. Substituting equation (C.1) into equation (9), 
we obtain

�
Z ef f =

|S0,0|2 · k(II)
0,x /k(I)

0,x

1 +
∑M

m�=0 |S0,m|2 · k(II)
0,x /k(I)

m,x

+

M∑
m′=1

|Sm′,0|2 · k(II)
m′,x/k(I)

0,x

1 +
∑M

m�=0 |Sm′,m|2 · k(II)
m′,x/k(I)

m,x

 

(C.2)

which is just equation (15) in the main text.
To further clarify the contributions to the effective imped-

ance from different modes, we define an integer MS such 
that the modes with indexes m > MS are all evanescent ones 
while those with indexes 1 � m � MS are scattering ones. 
Expanding equation (C.2) to Taylor series and only keeping 
the lowest order contributions, we finally obtain the following 
form of the effective impedance:

�
Z ef f = ZSPP + ZScattering + ZEvanescent, (C.3)

with three different terms defined as
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ZSPP =
k(II)

0,x

k(I)
0,x

|S0,0|2

ZScattering = 1
2

MS∑
m′=1

k(II)
m′ ,x

k(I)
0,x

|Sm′,0|2 −
k(II)

0,x

k(I)
0,x

|S0,0|2
MS∑

m=1

k(II)
0,x

k(I)
m,x
|S0,m|2

ZEvanescent =
1
2

M∑
m′=MS+1

k(II)
m′ ,x

k(I)
0,x

|Sm′,0|2 −
k(II)

0,x

k(I)
0,x

|S0,0|2
M∑

m′=MS+1

k(II)
0,x

k(I)
m,x
|S0,m|2

.

 (C.4)
Obviously, these three terms are contributed by SPP mode, 
scattering modes, and evanescent modes, respectively. Such an 
approximate form of effective impedance has a clear physical 
meaning, but is less accurate than equation (C.2), as shown in 
figure C1 where the ∆R is calculated in the phase diagram.
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